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THE COCYCLE STRUCTURE OF THE ALEXANDER f-QUANDLES
ON FINITE FIELDS
INDU RASIKA CHURCHILL, MOHAMED ELHAMDADI, AND NERANGA FERNANDO
Abstract. We determine the second, third, and fourth cohomology groups of Alexan-
der f -quandles of the form Fq[T, S]/(T − ω, S − β), where Fq denotes the finite field
of order q, ω ∈ Fq \ {0, 1}, and β ∈ Fq.
1. Introduction
Quandles are in general non-associative structures whose axioms correspond to the
algebraic distillation of the three Reidemeister moves in knot theory. They were in-
troduced independently in the 1980s by Joyce [12] and Matveev [15]. Quandles were
used to construct representations of the braid groups. Thus giving constructions of
invariants of knots and knotted surfaces as can be seen in [3, 4, 5]. They have been
also investigated in the topological context [7, 22] and also for their own right as other
non-associative algebraic structures [9, 10, 11, 23]. For more details and recent account
on quandles see [8, 18].
Motivated by Hom-algebra structures [14], f -racks,f -quandles and their cohomology
theory were introduced and investigated in [6]. Explicit cocycles of this quandle coho-
mology may be used in the study of Knot Theory, thus in this paper, we investigate the
second, third, and fourth cohomology groups of Alexander f -quandles [6]. Our work
is motivated by [16], [17], and [20]. Precisely we give basis for the cohomology group
Hn((X, ∗, f);Fq) with n = 2, 3 and 4.
Through out this paper, let p be a prime, q = pm, and Fq denote the finite field of
order q. Let M = Z[ω±, β] = Fq , where ω( 6= 1) and β be non-zero elements of Fq. Let
k be an algebraic closure of Fq. For n = 2, 3, 4, we wish to calculate the Cohomology
Hn(Fq[T, S]/(T −ω, S−β), k) of the Alexander f -quandle Fq[T, S]/(T −ω, S−β) with
coefficients in k.
At the end of each of sections 3, 4 and 5, we provide basis for 2-cocycle, 3-cocycle
and 4-cocycle in theorems 3.2, 4.10 and 5.9 respectively. The proofs of this theorems
are similar to that of [16]. These proofs will appear in future work.
The paper is organized as follows. In Section 2, we present some preliminaries that
will be used throughout the paper. In Sections 3, 4, and 5, we survey 2-cocycles,
3-cocycles, and 4-cocyles of Alexander f -quandles, respectively. We also give some
examples in each section.
2. Preliminaries
In this section, we list some preliminaries that will be useful in latter sections.
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Definition 2.1. ([6, Definition 2.1]) An f -quandle is a set X equipped with a binary
operation ∗ : X ×X → X and a map f : X → X satisfying the following conditions:
For each x ∈ X , the identity
(2.1) x ∗ x = f(x)
holds. For any x, y ∈ X , there exists a unique z ∈ X such that
(2.2) z ∗ y = f(x).
(2.3) (x ∗ y) ∗ f(z) = (x ∗ z) ∗ (y ∗ z)
We denote f -quandle by (X, ∗, f).
Any Z[ω±, β]-module M is an f -quandle with
x ∗ y = ω · x+ β · y
for x, y ∈ M with ωβ = βω, and we call it an Alexander f -quandle ([6, Example 2.1
item (4)]).
Remark 2.2. When f is the identity map and β = 1 − ω above, then (X, ∗) is a
quandle and (M, ∗) is an Alexander quandle as usual.
Theorem 2.3. ([6, Theorem 5.1]) Let (X, ∗, f) be a f -quandle, f be a quandle mor-
phism and A be an abelian group.The following family of operators δn : Cn(X) →
Cn+1(X) defines a cohomology complex C∗(X, ∗, f, A).
δnφ(x1, . . . , xn+1)
= (−1)n+1
n+1∑
i=2
(−1)iη[x1,...,xˆi,...,xn+1],f{i−2}[xi,...,xn+1]φ(x1, . . . , xˆi, . . . , xn+1)
−(−1)n+1
n+1∑
i=2
(−1)iφ(x1 ∗ xi, x2 ∗ xi, . . . , xi−1 ∗ xi, f(xi+1), . . . , f(xn+1))
+(−1)n+1τ[x1,x3,...,xn+1],[x2,...,xn+1]φ(x2, . . . , xn+1),
where [x1, x2, x3, x4, . . . , xn] = ((. . . (x1 ∗ x2) ∗ f(x3)) ∗ f
2(x4)) ∗ . . . ) ∗ f
n−2(xn). Note
that for i < n, we have
[x1, x2, x3, x4, . . . , xn] = [x1, . . . , xˆi, . . . , xn] ∗ f
i−2[xi, . . . , xn]
As in the standard quandle cohomology theory, the degenerate subcomplex is given
by CDn = {(x1, x2, ....., xn) ∈ X
n ; xi = xi+1 for i ≥ 2}. A similar degenerate subcom-
plex appeared in [19] under the name of late degenerate quandles.
Under the assumption that η = id and τ = 0, we can re-write the cohomology
complex in Theorem 2.3 as follows.
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δnφ(x1, . . . , xn+1)
= (−1)n+1
n+1∑
i=2
(−1)iφ(x1, . . . , xˆi, . . . , xn+1)
− (−1)n+1
n+1∑
i=2
(−1)iφ(x1 ∗ xi, x2 ∗ xi, . . . , xi−1 ∗ xi, f(xi+1), . . . , f(xn+1)).
(2.4)
We will reformulate the f -quandle cohomology for convenient of calculations.
Let U1 = x1 − x2, U2 = x2− x3, . . . , Ui = xi− xi+1, . . . , Un = xn − xn+1, Un+1 = xn+1
for i = 1, 2, · · · , n.
Then (2.4) becomes
δnφ(U1, . . . , Un+1)
= (−1)n+1
n∑
i=1
(−1)iφ(U1, . . . , Ui−1, Ui + Ui+1, Ui+2, . . . , Un+1)
− (−1)n+1
n∑
i=1
(−1)iφ(ω U1, ω U2, . . . , ω Ui−1, ω Ui + (ω + β)Ui+1, f(Ui+2), . . . , f(Un+1))
(2.5)
The following formula is a generalization of [20, Eq. (3)] when η = id and τ = 0
with
Cnd (X) := {
∑
ai1,··· ,in · U
i1
1 · · ·U
in
n ∈ C
n(X) |
∑
1≤k≤n ik = d} and degree(fa) = da.
δn(f)(U1, . . . , Un, Un+1) =
∑
0≤a≤p−1
δn−1(fa)(U1, . . . , Un) · U
a
n+1
+ (−1)n−1
∑
0≤a≤p−1
fa(U1, . . . , Un−1)(Un + Un+1)
a
− (−1)n−1
∑
0≤a≤p−1
fa(U1, . . . , Un−1)ω
da (ω + β)d−da−a (ω Un + (ω + β)Un+1)
a.
(2.6)
3. The 2-cocycles
In this section, we investigate the 2-cocycles. Precisely we provide basis of the second
cohomology H2Q((X, ∗, f);Fq).
Proposition 3.1. If ωp
t+ps = 1 and (ω + β)p
t+ps = 1, where s and t are non-negative
integers, then Up
t
1 U
ps
2 is a 2-cocycle.
Proof. By (2.5), we have
δ(Up
t
1 ) = (U1 + U2)
pt − (ω U1 + (ω + β)U2)
pt .
Then it follows from (2.5) and (2.6) that
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δ(Up
t
1 U
ps
2 ) = δ(U
pt
1 )U
ps
3 − U
pt
1 (U2 + U3)
ps
+ Up
t
1 ω
da(ω + β)d−da−a(ω U2 + (ω + β)U3)
ps.
(3.1)
Also, note that da = p
t, a = ps and d = pt + ps. Then we have from (3.1)
δ(Up
t
1 U
ps
2 ) = (U1 + U2)
ptUp
s
3 − (ω + β)
ps(ω U1 + (ω + β)U2)
ptUp
s
3 − U
pt
1 (U2 + U3)
ps
+ Up
t
1 ω
pt(ω + β)0(ω U2 + (ω + β)U3)
ps
= (1− ωp
t
(ω + β)p
s
)Up
t
1 U
ps
3 + (1− (ω + β)
ps+pt)Up
t
2 U
ps
3
− (1− ωp
t
(ω + β)p
s
)Up
t
1 U
ps
3 − (1− ω
ps+pt)Up
t
2 U
ps
3 .
(3.2)
Since ωp
t+ps = 1 and (ω + β)p
t+ps = 1, the right hand side of (3.2) is 0. This
completes the proof. 
Theorem 3.2. Fix ω, β ∈ Fq with ω 6= 0, 1. Let X be the corresponding Alexander
f -quandle on Fq. Then the set
{Up
v
1 U
pu
2 | ω
pv+pu = 1, (ω + β)p
v+pu = 1; 0 ≤ v < u < m}
provides a basis of the second cohomology H2Q((X, ∗, f);Fq).
Example 3.3. Let p be an odd prime and v, u be non-negative integers. Let ω = −1
and β = 2. Then we have ωp
v+pu = 1 and (ω + β)p
v+pu = 1. Hence, the set defined in
Theorem 3.2 provides a basis for 2-cocycles.
Example 3.4. Let f(x) = x2 + x+ 1 ∈ F2[x] and consider F4 = F2[x]/(f). Let ω be a
primitive element of F4. Then the order of ω is 3. Let β = ω
2. Note that ω2 = ω + 1
and ω2 is also a primitive element of F4 since it is a conjugate of ω with respect to F2.
We have
ω2
0+21 = 1 and (ω + β)2
0+21 = 1,
Hence {U2
0
1 U
21
2 } provides a basis of the second cohomology H
2
Q((X, ∗, f);F4).
4. The 3-cocycles
In this section we give basis for the cohomology group H3Q((X, ∗, f);Fq).
For positive integers a and b, let
µa(x, y) = (x+ y)
a − xa − ya
and define
ψ(a, b) := (µa(U1, U2)− µa(ω U1, (ω + β)U2)) · U
b
3 .
Then we have the following proposition.
Proposition 4.1. If ωa+p
s
= 1 and (ω + β)a+p
s
= 1, then Ψ(a, ps) is a 3-cocycle.
ALEXANDER f -QUANDLES ON FINITE FIELDS 5
Proof. Define
h(U1, U2) = µa(U1, U2)− µa(ω U1, (ω + β)U2).
Note that
ψ(a, b) := h(U1, U2) · U
b
3 .
Then by (2.5), we have
δ(Ua1 ) = (U1 + U2)
a − (ω U1 + (ω + β)U2)
a,
which implies
h(U1, U2) = δ(U
a
1 )− (1− ω
a) · Ua1 − (1− (ω + β)
a) · Ua2 .
Also, from (2.5), we have
δ(h(U1, U2))
= −h(U1 + U2, U3) + h(ωU1 + (ω + β)U2, (ω + β)U3) + h(U1, U2 + U3)
− h(ωU1, ωU2 + (ω + β)U3)
= (1− ωa) h(U1, U2)− (1− (ω + β)
a) h(U2, U3)
=
(
h(U1, U2)− h(U2, U3)
)
−
(
ωa h(U1, U2)− (ω + β)
a h(U2, U3)
)
.
(4.1)
Since
ψ(a, b) = h(U1, U2) · U
b
3 ,
from (2.6) and (4.1) we have
δ(Ψ(a, b))
= δ(h(U1, U2)) · U
b
4 − h(U1, U2) δ(U
b
3)
=
[(
h(U1, U2)− h(U2, U3)
)
− (ω + β)b
(
ωa h(U1, U2)− (ω + β)
a h(U2, U3)
)]
U b4
− h(U1, U2)
(
(U3 + U4)
b − ωa (ω U3 + (ω + β)U4)
b
)
.
(4.2)
Let b = ps. Then, from (4.2) we have
δ(Ψ(a, ps))
= (1− ωa (ω + β)p
s
) h(U1, U2)U
ps
4 − (1− (ω + β)
a+ps) h(U2, T3)U
ps
4
− (1− ωa+p
s
) h(U1, U2)U
ps
3 − (1− ω
a (ω + β)p
s
) h(U1, U2)U
ps
4 .
(4.3)
Since ωa+p
s
= 1 and (ω+β)a+p
s
= 1, the right hand side of (4.3) is 0. This completes
the proof.

Remark 4.2. Moreover, Ψ, defined above, is a coboundary; see [13].
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Let χ(x, y) =
p−1∑
i=1
(−1)i−1 · i−1 · xp−i · yi ≡
1
p
((x+ y)p − xp − yp) (mod p).
Define
E0(a · p, b) =
(
χ(U1, U2)
a − (ω + β)b χ(ω U1, (ω + β)U2)
a
)
· U b3 .
Also, define
h(U1, U2) := χ(U1, U2)
a − (ω + β)b χ(ω U1, (ω + β)U2)
a.
Then we have
E0(a · p, b) = h(U1, U2) · U
b
3 .
Hence we have the following proposition.
Proposition 4.3. If ωp
s+ph = 1 and (ω + β)p
s+ph = 1 with s > 0, then E0(p
s, ph) is a
3−cocycle.
Proof.
δ(E0(a · p, b)) = δ(h(U1, U2)) · U
b
4 − h(U1, U2) δ(U
b
3)
= (1− ωap (ω + β)b) h(U1, U2)U
b
4 − (1− (ω + β)
ap+b) h(U2, U3)U
b
4
− h(U1, U2)
(
(U3 + U4)
b − ωap (ω U3 + (ω + β)U4)
b
)
.
(4.4)
Let a = ps−1 and b = ph. Then from equation (4.4) we have
δ(E0(p
s, ph)) = (1− ωp
s
(ω + β)p
h
) h(U1, U2) · U
ph
4
− (1− (ω + β)p
s+ph) h(U2, U3) · U
ph
4
− (1− ωp
s+ph)Up
h
3 h(U1, U2)
− (1− ωp
s
(ω + β)p
h
) h(U1, U2) · U
ph
4 .
(4.5)
Since ωp
s+ph = 1 and (ω + β)p
s+ph = 1, the right hand side of (4.5) is 0. This
completes the proof.

Again, let χ(x, y) =
p−1∑
i=1
(−1)i−1 · i−1 · xp−i · yi ≡
1
p
((x+ y)p − xp − yp) (mod p).
Define
E1(a, b · p) = U
a
1 ·
(
χ(U2, U3)
b − ωa χ(ω U2, (ω + β)U3)
b
)
.
Also, define
h(U2, U3) := χ(U2, U3)
b − ωa χ(ω U2, (ω + β)U3)
b.
Then we have the following propositon.
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Proposition 4.4. If ωp
s+pt = 1 and (ω + β)p
s+pt = 1 with s > 0, then E1(p
t, ps) is a
3−cocycle.
Proof. Note that
E1(a, b · p) = U
a
1 · h(U2, U3).
We have
δ(E1(a, b · p))
= δ(Ua1 · h(U2, U3))
= δ(Ua1 ) h(U3, U4)− U
a
1 δ(h(U2, U3))
=
(
(U1 + U2)
a − (ω + β)p·b (ω U1 + (ω + β)U2)
a
)
h(U3, U4)
− Ua1
(
h(U2 + U3, U4)− ω
a h(ω U2 + (ω + β)U3, (ω + β)U4)
)
+ Ua1
(
h(U2, U3 + U4)− ω
a h(ω U2, ω U3 + (ω + β)U4)
)
.
(4.6)
Let a = pt and b = ps−1. Then from (4.6) we have
δ(E1(p
t, ps))
= Up
t
1 ·
[
(1− ωp
t
(ω + β)p
s
) h(U3, U4)− h(U2 + U3, U4)
+ ωp
t
h(ω U2 + (ω + β)U3, (ω + β)U4) + h(U2, U3 + U4)
− ωp
t
h(ω U2, ω U3 + (ω + β)U4)
]
+ (1− (ω + β)p
t+ps)Up
t
2 h(U3, U4).
(4.7)
Since h(Ui, Ui+1) = χ(Ui, Ui+1)
ps−1 − ωp
t
χ(ω Ui, (ω + β)Ui+1)
ps−1, ωp
s+ph = 1, and
(ω + β)p
s+pt = 1, straightforward computation yields that the right hand side of (4.7)
is 0. This completes the proof.

Let p be a prime, and v, u, and t be non-negative integers. Define F (pv, pu, pt) =
Up
v
1 U
pu
2 U
pt
3 ∈ C
3 where pv, pu, pt < q.
Proposition 4.5. (1) If ωp
v+pu+pt = 1 and (ω + β)p
v+pu+pt = 1, then F (pv, pu, pt)
is a 3-cocycle.
(2) If ωp
v+pu = 1 and (ω + β)p
v+pu = 1, then F (pv, pu, 0) is a 3-cocycle.
Proof. We first prove (1).
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δ(F (pv, pu, pt))
= δ(Up
v
1 U
pu
2 U
pt
3 )
=
(
(U1 + U2)
pv − (ω + β)p
u+pt(ωU1 + (ω + β)U2)
pv
)
· Up
u
3 · U
pt
4
− Up
v
1 ·
(
(U2 + U3)
pu − ωp
v
(ω + β)p
t
(ωU2 + (ω + β)U3)
pu
)
· Up
t
4
+ Up
v
1 · U
pu
2
(
(U3 + U4)
pt − ωp
v+pu(ωU3 + (ω + β)U4)
pt
)
= (1− ωp
v
(ω + β)p
u+pt)Up
v
1 U
pu
3 U
pt
4 + (1− (ω + β)
pv+pu+pt)Up
v
2 U
pu
3 U
pt
4
− (1− ωp
v+pu(ω + β)p
t
)Up
v
1 U
pu
2 U
pt
4 − (1− ω
pv(ω + β)p
t+pu)Up
v
1 U
pu
3 U
pt
4
+ (1− ωp
v+pu+pt)Up
v
1 U
pu
2 U
pt
3 + (1− ω
pv+pu(ω + β)p
t
)Up
v
1 U
pu
2 U
pt
4
= 0.
(4.8)
Since ωp
v+pu+pt = 1 and (ω + β)p
v+pu+pt = 1, the right hand side of (4.8) is 0.
In (2), by taking pt as 0 in (4.8), and with ωp
v+pu = 1 and (ω + β)p
v+pu = 1, it can be
shown in a similar manner that
δ(F (pv, pu, 0)) = 0.

As in [13, 16], let Q be the set of all tuples (pv, pu, pt, ps) where p is a prime, such that
v < t, u < s, u ≤ t and ωp
v+pt = ωp
u+ps = (ω + β)p
v+pt = (ω + β)p
u+ps = 1, and one of
the following conditions hold.
Case I. ωp
v+pu = 1, (ω + β)p
v+pu = 1.
Case II. ωp
v+pu 6= 1, (ω + β)p
v+pu 6= 1 and t > s.
Case III. ωp
v+pu 6= 1, (ω + β)p
v+pu 6= 1, t = s and p 6= 2.
Case IV. ωp
v+pu 6= 1, (ω + β)p
v+pu 6= 1, u ≤ v < t < s and ωp
v
= ωp
u
, (ω + β)p
v
=
(ω + β)p
u
when p 6= 2.
Case V. ωp
v+pu 6= 1, (ω + β)p
v+pu 6= 1, u < v < t ≤ s and ωp
v
= ωp
u
, (ω + β)p
v
=
(ω + β)p
u
when p = 2.
Moreover, if p = 2, we need u < t as well.
For each (pv, pu, pt, ps) ∈ Q , we denote a cocycle by Γ.
Then we have the following proposition discussing case I. ωp
v+pu = 1, (ω+β)p
v+pu = 1.
Proposition 4.6. Γ(pv, pu, pt, ps) = F (pv, pu + pt, ps) is a 3-cocycle.
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Proof.
δ(F (pv, pu + pt, ps))
= δ(Up
v
1 U
pu+pt
2 U
ps
3 )
= δ(Up
v
1 )U
pu+pt
3 U
ps
4 − U
pv
1 δ(U
pu+pt
3 )U
ps
4 + U
pv
1 U
pu+pt
3 δ(U
ps
4 )
= ((U1 + U2)
pv − (ω + β)p
u+pt+ps(ωU1 + (ω + β)U2)
pvUp
u+pt
3 U
ps
4
− Up
v
1 · ((U2 + U3)
pu+pt − ωp
v
(ω + β)p
s
(ω + β)p
v
(ωU2 + (ω + β)U3)
pu+pt))Up
s
4
+ Up
v
1 · U
pu+pt
2 · ((U3 + U4)
ps − ωp
v+pu+pt(ω + β)p
v+pu+pt(ωU3 + (ω + β)U4)
ps)
(4.9)
Note that (x+ y)p
u+pt = (xp
u
+ yp
u
)(xp
t
+ yp
t
), this reduced to
δ(Up
v
1 U
pu+pt
2 U
ps
3 )
= (1− ωp
v
(ω + β)p
u+pt+ps)Up
v
1 U
pu+pt
3 U
ps
4 + (1− (ω + β)
pu+pt+ps+pv)Up
v
2 U
pu+pt
3 U
ps
4
− (1− ωp
v+pu+pt(ω + β)p
s
)Up
v
1 U
pu+pt
2 U
ps
4 − (1− ω
pv(ω + β)p
s+pu+pt)Up
v
1 U
pu+pt
3 U
ps
4
− (1− ωp
v+pu(ω + β)p
s+pt)Up
v
1 U
pu
2 U
pt
3 U
ps
4 − (1− ω
pv+pt(ω + β)p
s+pu)Up
v
1 U
pt
2 U
pu
3 U
ps
4
+ (1− ωp
v+pu+pt+ps)Up
v
1 U
pu+pt
2 U
ps
3 + (1− ω
pv+pu+pt(ω + β)p
s
)Up
v
1 U
pu+pt
2 U
ps
4
= 0.
(4.10)

Then we have the following proposition discussing case II, ωp
v+pu 6= 1, (ω+β)p
v+pu 6= 1
and t > s.
Proposition 4.7. Γ(pv, pu, pt, ps) = F (pv, pu + pt, ps) − F (pu, pv + ps, pt) − (ωp
u
(ω +
β)p
s
− 1)−1(1− ωp
u+pv(ω + β)p
t+ps)F (pv, pu, pt + ps) + F (pv + pu, ps, pt) is a 3-cocycle.
Proof.
δ(F (pv, pu + pt, ps))− δ(F (pu, pv + ps, pt))
− (ωp
u
(ω + β)p
s
− 1)−1(1− ωp
u+pv(ω + β)p
t+ps)δ(F (pv, pu, pt + ps) + δ(F (pv + pu, ps, pt)))
= −(1− ωp
v+pu(ω + β)p
s+pt)Up
v
1 U
pu
2 U
pt
3 U
ps
4 + (1− ω
pv+pu(ω + β)p
s+pt)Up
u
1 U
pv
2 U
ps
3 U
pt
4
− (ωp
u
(ω + β)p
s
− 1)−1(1− ωp
u+pv(ω + β)p
t+ps)[(1− ωp
v+pu+pt(ω + β)p
s
)Up
v
1 U
pu
2 U
pt
3 U
ps
4
− (1− ωp
u
(ω + β)p
s+pt+pv)Up
u
1 U
pv
2 U
ps
3 U
pt
4 ]
= 0.
(4.11)

Then we have the following proposition discussing case III, ωp
v+pu 6= 1, (ω+ β)p
v+pu 6=
1, t = s and p 6= 2. In [21], it is shown we can present this case as follows:
Proposition 4.8. Γ(pv, pu, pt, ps) = F (pv, pt + ps, pu) is a 3-cocycle.
Proof. The proof is similar to that of Proposition 4.6. 
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Then we have the following proposition discussing cases IV and V, ωp
v+pu 6= 1, (ω +
β)p
v+pu 6= 1, u ≤ v < t < s and ωp
v
= ωp
u
, (ω + β)p
v
= (ω + β)p
u
when p 6= 2 and
ωp
v+pu 6= 1, (ω+β)p
v+pu 6= 1, u < v < t ≤ s and ωp
v
= ωp
u
, (ω+β)p
v
= (ω+β)p
u
when
p = 2.In [21], it is shown we can present this case as follows:
Proposition 4.9. Γ(pv, pu, pt, ps) = F (pt, pv + pu, ps) is a 3-cocycle.
Proof. The proof is similar to that of Proposition 4.6. 
Theorem 4.10. Fix ω, β ∈ Fq with ω 6= 0,±1. Let X be the corresponding Alexander
f -quandle on Fq where H
2
Q((X, ∗, f);Fq)
∼= 0. Then the set
I = {F (pv, pu, pt) | ωp
v+pu+pt = (ω + β)p
v+pu+pt = 1, pv < pu < pt < q}
∪ {F (pv, pu, 0) | ωp
v+pu = (ω + β)p
v+pu = 1, pv < pu < q}
∪ {E0(p · p
v, pu) | ωp
v+1+pu = (ω + β)p
v+1+pu = 1, pv < pu < q}
∪ {E1(p
v, p · pu) | ωp
v+pu+1 = (ω + β)p
v+pu+1 = 1, pv ≤ pu < q}
∪ {Γ(pv, pu, pt, ps) | (pv, pu, pt, ps) ∈ Q(q)}
provides a basis of the third cohomology H3Q((X, ∗, f);Fq).
Example 4.11. Let p be an odd prime and v, u and t be non-negative integers. Let
ω = −1 and β = 2. Hence, ωp
v+pu+pt 6= 1 and (ω + β)p
v+pu+pt = 1. The we have the
following.
(1) F (pv, pu, pt) is not a 3-cocycle.
(2) F (pv, pu, 0) is a 3-cocycle since ωp
v+pu = 1 and (ω + β)p
v+pu = 1. Also,
E0(p
v+1, pu) and E1(p
v, pu+1) are 3-cocycles.
Moreover,
Q(q) = {(pv, pu, pt, ps) | pu ≤ pt, pv < pt, pu < ps}, and ωp
v+pu = (ω+ β)p
v+pu =
1 for any (pv, pu, pt, ps) ∈ Q(q).
Therefore,
{F (pv, pu, 0) | 0 < pv < pu < q} ∪ {E0(p
v+1, pu) | pv < pu < q} ∪ {E1(p
v, pu+1) | pv < pu < q}
∪ {F (pv, pu + pt, ps) | pu ≤ pt, pv < pt, pu < ps, pi < q, for all i ∈ {v, u, t, s}}
is a basis for the cohomology group H3Q((X, ∗, f);Fq).
Remark 4.12. Example 4.11 shows that when β = 1 − ω, the basis for the cohomol-
ogy group H3Q((X, ∗, f);Fq) above is the same as the basis for the cohomology group
H3Q((X, ∗);Fq), explained in [16, Subsection 2.4.1].
Example 4.13. Let f(x) = x3 + x2 + 1 ∈ F2[x] and consider F8 = F2[x]/(f). Let
ω be a primitive element of F8. Then the order of ω is 7. Let β = ω
22. Note that
ω2
2
= ω3+ω and ω2
2
is also a primitive element of F8 since it is a conjugate of ω with
respect to F2. We have
ω2
0+21+22 = 1 and (ω + β)2
0+21+22 = 1,
but ω2
i+2j 6= 1 for i, j ∈ {0, 1, 2}. Hence H3Q((X, ∗, f);F8) is generated by {F (2
0, 21, 22)}.
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5. The 4-cocycles
In this section, we give some propositions showing some particular polynomials are
4-cocycles. The main theorem gives basis for the cohomology group H4Q((X, ∗, f);Fq)
under the condition that the group H2Q((X, ∗, f);Fq) is trivial.
Proposition 5.1. If ωp
v+pu+pt+ps = 1 and (ω+β)p
v+pu+pt+ps = 1, then the polynomial
Up
v
1 U
pu
2 U
pt
3 U
ps
4 is a 4-cocycle.
Proof.
δ(Up
v
1 U
pu
2 U
pt
3 U
ps
4 )
= ((U1 + U2)
pv − (ω + β)p
u+pt+ps (ωU1 + (ω + β)U2)
pv)Up
u
3 U
pt
4 U
ps
5
− Up
v
1 · ((U2 + U3)
pu − ωp
v
(ω + β)p
t+ps (ωU2 + (ω + β)U3)
pu)Up
t
4 U
ps
5
+ Up
v
1 · U
pu
2 · ((U3 + U4)
pt − ωp
v+pu(ω + β)p
s
(ωU3 + (ω + β)U4)
pt)Up
s
5
− Up
v
1 · U
pu
2 · U
pt
3 · ((U4 + U5)
ps − ωp
v+pu+pt (ωU4 + (ω + β)U5)
ps)
= (1− ωp
v
(ω + β)p
u+pt+ps)Up
v
1 U
pu
3 U
pt
4 U
ps
5 + (1− (ω + β)
pv+pu+pt+ps)Up
v
2 U
pu
3 U
pt
4 U
ps
5
− (1− ωp
v+pu(ω + β)p
t+ps)Up
v
1 U
pu
2 U
pt
4 U
ps
5 − (1− ω
pv(ω + β)p
u+pt+ps)Up
v
1 U
pu
3 U
pt
4 U
ps
5
+ (1− ωp
v+pu+pt(ω + β)p
s
)Up
v
1 U
pu
2 U
pt
3 U
ps
5 + (1− ω
pv+pu(ω + β)p
s+pt)Up
v
1 U
pu
2 U
pt
4 U
ps
5
− (1− ωp
v+pu+pt+ps)Up
v
1 U
pu
2 U
pt
3 U
ps
4 − (1− ω
pv+pu+pt(ω + β)p
s
)Up
v
1 U
pu
2 U
pt
3 U
ps
5 .
(5.1)
Since ωp
v+pu+pt+ps = 1 and (ω + β)p
v+pu+pt+ps = 1, the right hand side of (5.1) is 0.
This completes the proof.

We recall χ(x, y) =
p−1∑
i=1
(−1)i−1 · i−1 · xp−i · yi ≡
1
p
((x+ y)p − xp − yp) (mod p).
Proposition 5.2. If ωp
u+1+pt+ps = 1 and (ω + β)p
u+1+pt+ps = 1, then the polynomial(
χ(U1, U2)
pu − (ω + β)p
t+psχ(ω U1, (ω + β)U2)
pu
)
Up
t
3 U
ps
4 is a 4-cocycle.
Proof. Let h(U1, U2) = χ(U1, U2)
pu − (ω + β)p
t+psχ(ω U1, (ω + β)U2)
pu .
We show that h(U1, U2)U
pt
3 U
ps
4 is a 4-cocycle.
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δ(h(U1, U2)U
pt
3 U
ps
4 )
= δ(h(U1, U2)U
pt
4 U
ps
5
− h(U1, U2)
(
(U3 + U4)
pt − ωp
u+1
(ω + β)p
s
(ω U3 + (ω + β)U4)
pt
)
Up
s
5
+ h(U1, U2)U
pt
3
(
(U4 + U5)
ps − ωp
u+1+pt (ω U4 + (ω + β)U5)
ps
)
= (1− ωp
u+1
(ω + β)p
s+pt) h(U1, U2)U
pt
4 U
ps
5 − (1− (ω + β)
pu+1+pt+ps) h(U2, U3)U
pt
4 U
ps
5
− (1− ωp
u+1+pt (ω + β)p
s
) h(U1, U2)U
pt
3 U
ps
5 − (1− ω
pu+1 (ω + β)p
s+pt) h(U1, U2)U
pt
4 U
ps
5
+ (1− ωp
u+1+pt+ps) h(U1, U2)U
pt
3 U
ps
4 + (1− ω
pu+1+pt (ω + β)p
s
) h(U1, U2)U
pt
3 U
ps
5 .
(5.2)
Since ωp
u+1+pt+ps = 1 and (ω + β)p
u+1+pt+ps = 1, the right hand side of (5.2) is 0.
This completes the proof.

Proposition 5.3. If ωp
v+pt+1+ps = 1 and (ω + β)p
v+pt+1+ps = 1, then the polynomial
Up
v
1
(
χ(U2, U3)
pt − ωp
v
(ω + β)p
s
χ(ωU2, (ω + β)U3)
pt
)
Up
s
4 is a 4-cocycle.
Proof. Let h(U2, U3) = χ(U2, U3)
pt − ωp
v
(ω + β)p
s
χ(ωU2, (ω + β)U3)
pt.
Now we show that Up
v
1 h(U2, U3)U
ps
4 is a 4-cocycle.
δ(Up
v
1 h(U2, U3)U
ps
4 )
=
(
(U1 + U2)
pv − (ω + β)p
t+1+ps (ω U1 + (ω + β)U2)
pv
)
h(U3, U4)U
ps
5
− Up
v
1
(
h(U2 + U3, U4) − ω
pv (ω + β)p
s
h(ω U2 + (ω + β)U3, (ω + β)U4)
)
Up
s
5
+ Up
v
1
(
h(U2, U3 + U4) − ω
pv (ω + β)p
s
h(ω U2, ω U3 + (ω + β)U4)
)
Up
s
5
− Up
v
1 h(U2, U3)
(
(U4 + U5)
ps − ωp
v+pt+1 (ω U4 + (ω + β)U5)
ps
)
= Up
v
1
[
(1− ωp
v
(ω + β)p
t+1+ps) h(U3, U4)− h(U2 + U3, U4) + h(U2, U3 + U4)
+ ωp
v
(ω + β)p
s
h(ω U2 + (ω + β)U3, (ω + β)U4)
− ωp
v
(ω + β)p
s
h(ω U2, ω U3 + (ω + β)U4)− (1− ω
pv+pt+1 (ω + β)p
s
) h(U2, U3)
]
Up
s
5
+ (1− (ω + β)p
v+pt+1+ps)Up
v
2 h(U3, U4)U
ps
5 − (1− ω
pv+pt+1+ps)Up
v
1 h(U2, U3)U
ps
4 .
(5.3)
Since
h(Ui, Ui+1) = χ(Ui, Ui+1)
pt − ωp
v
(ω + β)p
s
χ(ωUi, (ω + β)Ui+1)
pt,
and ωp
v+pt+1+ps = 1 and (ω + β)p
v+pt+1+ps = 1, it can be shown that the right hand
side of (5.3) is 0. This completes the proof.

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Proposition 5.4. If ωp
v+pu+ps+1 = 1 and (ω + β)p
v+pu+ps+1 = 1, then the polynomial
Up
v
1 U
pu
2
(
χ(U3, U4)
ps − ωp
v+pu χ(ω U3, (ω + β)U4)
ps
)
is a 4-cocycle.
Proof. Let h(U3, U4) = χ(U3, U4)
ps − ωp
v+pu χ(ω U3, (ω + β)U4)
ps.
Now we claim that Up
v
1 U
pu
2 h(U3, U4) is a 4-cocycle.
δ(Up
v
1 U
pu
2 h(U3, U4))
= δ(Up
v
1 )U
pu
3 h(U4, U5)− U
pv
1 δ(U
pu
2 )h(U4, U5)) + U
pv
1 U
pu
2 δ(h(U3, U4))
=
(
(U1 + U2)
pv − (ω + β)p
u+ps+1 (ω U1 + (ω + β)U2)
pv
)
Up
u
3 h(U4, U5)
− Up
v
1
(
(U2 + U3)
pu − ωp
v
(ω + β)p
s+1
(ω U2 + (ω + β)U3)
pu
)
h(U4, U5)
+ Up
v
1 U
pu
2
(
h(U3 + U4, U5)− ω
pv+pu h(ω U3 + (ω + β)U4, (ω + β)U5)
)
− Up
v
1 U
pu
2
(
h(U3, U4 + U5)− ω
pv+pu h(ω U3, ω U4 + (ω + β)U5)
)
= (1− (ω + β)p
v+pu+ps+1)Up
v
2 U
pu
3 h(U4, U5) + U
pv
1 U
pu
2
[
h(U3 + U4, U5)− h(U3, U4 + U5)
− (1− ωp
v+pu (ω + β)p
s+1
) h(U4, U5) + ω
pv+pu h(ω U3, ω U4 + (ω + β)U5)
− ωp
v+pu h(ω U3 + (ω + β)U4, (ω + β)U5)
]
(5.4)
Since
h(Ui, Ui+1) = χ(Ui, Ui+1)
ps − ωp
v+pu χ(ω Ui, (ω + β)Ui+1)
ps,
ωp
v+pu+ps+1 = 1, and (ω+ β)p
v+pu+ps+1 = 1, it can be shown that the right hand side
of (5.4) is 0. This completes the proof.

Proposition 5.5. If ωp
i+pj+pu+pt+ps = 1, (ω+β)p
i+pj+pu+pt+ps = 1, ωp
i+pj = ωp
i+pu = 1
and (ω + β)p
u+pt+ps = (ω + β)p
j+pt+ps = 1, then the polynomial Up
i
1 U
pj+pu
2 U
pt
3 U
ps
4 is a
4-cocycle.
Proof.
δ(Up
i
1 U
pj+pu
2 U
pt
3 U
ps
4 )
= ((U1 + U2)
pi − (ω + β)p
j+pu+pt+ps (ωU1 + (ω + β)U2)
pi)Up
j+pu
3 U
pt
4 U
ps
5
− Up
i
1 · ((U2 + U3)
pj+pu − ωp
i
(ω + β)p
t+ps(ωU2 + (ω + β)U3)
pj+pu))Up
t
4 U
ps
5
+ Up
i
1 · U
pj+pu
2 · ((U3 + U4)
pt − ωp
i+pj+pu(ω + β)p
s
(ωU3 + (ω + β)U4)
pt))Up
s
5
− Up
i
1 · U
pj+pu
2 · U
pt
3 · ((U4 + U5)
ps − ωp
i+pj+pu+pt (ωU4 + (ω + β)U5)
ps)
(5.5)
Note that (x+ y)p
j+pu = (xp
j
+ yp
j
)(xp
u
+ yp
u
). Hence, from (5.5) we have
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δ(Up
i
1 U
pj+pu
2 U
pt
3 U
ps
4 )
= (1− ωp
i
(ω + β)p
j+pu+pt+ps)Up
i
1 U
pj+pu
3 U
pt
4 U
ps
5
+ (1− (ω + β)p
i+pj+pu+pt+ps)Up
i
2 U
pj+pu
3 U
pt
4 U
ps
5
− (1− ωp
i+pj+pu(ω + β)p
t+ps)Up
i
1 U
pj+pu
2 U
pt
4 U
ps
5
− (1− ωp
i
(ω + β)p
j+pu+pt+ps)Up
i
1 U
pj+pu
3 U
pt
4 U
ps
5
− (1− ωp
i+pj(ω + β)p
u+pt+ps)Up
i
1 U
pj
2 U
pu
3 U
pt
4 U
ps
5
− (1− ωp
i+pu(ω + β)p
j+pt+ps)Up
i
1 U
pu
2 U
pj
3 U
pt
4 U
ps
5
+ (1− ωp
i+pj+pu+pt(ω + β)p
s
)Up
i
1 U
pj+pu
2 U
pt
3 U
ps
5
+ (1− ωp
i+pj+pu(ω + β)p
s+pt)Up
i
1 U
pj+pu
2 U
pt
4 U
ps
5
− (1− ωp
i+pj+pu+pt+ps)Up
i
1 U
pj+pu
2 U
pt
3 U
ps
4
− (1− ωp
i+pj+pu+pt(ω + β)p
s
)Up
i
1 U
pj+pu
2 U
pt
3 U
ps
5 .
(5.6)
Since ωp
i+pj+pu+pt+ps = 1, (ω + β)p
i+pj+pu+pt+ps = 1, ωp
i+pj = ωp
i+pu = 1 and
(ω+ β)p
u+pt+ps = (ω+ β)p
j+pt+ps = 1, the right hand side of (5.6) is 0. This completes
the proof.

Proposition 5.6. If ωp
u+1+ps+1 = 1 and (ω + β)p
u+1+ps+1 = 1, then the polynomial(
χ(U1, U2)
pu−(ω+β)p
s+1
χ(ω U1, (ω+β)U2)
pu
)(
χ(U3, U4)
ps−ωp
u+1
χ(ω U3, (ω+β)U4)
ps
)
is a 4-cocycle.
Proof. Let
h(U1, U2) = χ(U1, U2)
pu − (ω + β)p
s+1
χ(ω U1, (ω + β)U2)
pu
and
h∗(U3, U4) = χ(U3, U4)
ps − ωp
u+1
χ(ω U3, (ω + β)U4)
ps.
We claim that h(U1, U2) h
∗(U3, U4) is a 4-cocycle.
δ(h(U1, U2) h
∗(U3, U4))
= δ(h(U1, U2)) h
∗(U4, U5)− h(U1, U2) δ(h
∗(U3, U4))
= h(U1, U2)
[
h∗(U3, U4 + U5)− h
∗(U3 + U4, U5) + (1− ω
pu+1(ω + β)p
s+1
)h∗(U4, U5)
− ωp
u+1
h∗(ω U3, ω U4 + (ω + β)U5) + ω
pu+1 h∗(ω U3 + (ω + β)U4, (ω + β)U5)
]
− (1− (ω + β)p
u+1+ps+1) h(U2, U3)h
∗(U4, U5)
(5.7)
Since h(Ui, Ui+1) = χ(Ui, Ui+1)
pu − (ω + β)p
s+1
χ(ω Ui, (ω + β)Ui+1)
pu ,
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h∗(Ui, Ui+1) = χ(Ui, Ui+1)
ps − ωp
u+1
χ(ω Ui, (ω + β)Ui+1)
ps, ωp
u+1+ps+1 = 1, and
(ω + β)p
u+1+ps+1 = 1, it can be shown that the right hand side of (5.7) is 0. This
completes the proof.

Proposition 5.7. If ωp
i+pj+pu+ps+1 = 1, (ω+β)p
i+pj+pu+ps+1 = 1, ωp
i+pj = ωp
i+pu = 1,
and (ω + β)p
u+ps+1 = (ω + β)p
j+ps+1 = 1, then the polynomial
Up
i
1 U
pj+pu
2
(
χ(U3, U4)
ps − ωp
i+pj+pu χ(ω U3, (ω + β)U4)
ps
)
is a 4-cocycle.
Proof. Let h(U3, U4) = χ(U3, U4)
ps − ωp
i+pj+pu χ(ω U3, (ω + β)U4)
ps. We claim that
Up
i
1 U
pj+pu
2 h(U3, U4) is a 4-cocycle.
δ(Up
i
1 U
pj+pu
2 h(U3, U4))
= δ(Up
i
1 )U
pj+pu
3 h(U4, U5)− U
pi
1 δ(U
pj+pu
2 ) h(U4, U5) + U
pi
1 U
pj+pu
2 δ(h(U3, U4))
= ((U1 + U2)
pi − (ω + β)p
j+pu+ps+1 (ω U1 + (ω + β)U2)
pi)Up
j+pu
3 h(U4, U5)
− Up
i
1 · ((U2 + U3)
pj+pu − ωp
i
(ω + β)p
s+1
(ω U2 + (ω + β)U3)
pj+pu) h(U4, U5)
+ Up
i
1 U
pj+pu
2
(
h(U3 + U4, U5)− ω
pi+pj+pu h(ω U3 + (ω + β)U4, (ω + β)U5)
)
− Up
i
1 U
pj+pu
2
(
h(U3, U4 + U5)− ω
pi+pj+pu h(ω U3, ω U4 + (ω + β)U5)
)
= (1− ωp
i
(ω + β)p
j+pu+ps+1)Up
i
1 U
pj+pu
3 h(U4, U5)
+ (1− (ω + β)p
i+pj+pu+ps+1)Up
i
2 U
pj+pu
3 h(U4, U5)
− (1− ωp
i+pj+pu (ω + β)p
s+1
)Up
i
1 U
pj+pu
2 h(U4, U5)
− (1− ωp
i+pj (ω + β)p
u+ps+1)Up
i
1 U
pj
2 U
pu
3 h(U4, U5)
− (1− ωp
i+pu (ω + β)p
j+ps+1)Up
i
1 U
pu
2 U
pj
3 h(U4, U5)
− (1− ωp
i
(ω + β)p
j+pu+ps+1)Up
i
1 U
pj+pu
3 h(U4, U5)
+ Up
i
1 U
pj+pu
2
(
h(U3 + U4, U5)− ω
pi+pj+pu h(ω U3 + (ω + β)U4, (ω + β)U5)
)
− Up
i
1 U
pj+pu
2
(
h(U3, U4 + U5)− ω
pi+pj+pu h(ω U3, ω U4 + (ω + β)U5)
)
(5.8)
Since h(Ui, Ui+1) = χ(Ui, Ui+1)
ps−ωp
i+pj+pu χ(ω Ui, (ω+β)Ui+1)
ps, ωp
i+pj+pu+ps+1 = 1,
(ω+ β)p
i+pj+pu+ps+1 = 1, ωp
i+pj = ωp
i+pu = 1, and (ω+ β)p
u+ps+1 = (ω+ β)p
j+ps+1 = 1,
the right hand side of (5.8) is 0. This completes the proof.

Proposition 5.8. If ωp
i+pj+pv+pu+pt+ps = 1, (ω + β)p
i+pj+pv+pu+pt+ps = 1, ωp
i+pj =
ωp
i+pv = ωp
v+pu = ωp
v+pt = 1, and (ω + β)p
s+pt = (ω + β)p
s+pu = (ω + β)p
v+pu =
(ω + β)p
j+pu = 1, then the polynomial Up
i
1 U
pj+pv
2 U
pu+pt
3 U
ps
4 is a 4-cocycle.
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Proof.
δ(Up
i
1 U
pj+pv
2 U
pu+pt
3 U
ps
4 )
= ((U1 + U2)
pi − (ω + β)p
j+pv+pu+pt+ps (ω U1 + (ω + β)U2)
pi)Up
j+pv
3 U
pu+pt
4 U
ps
5
− Up
i
1 · ((U2 + U3)
pj+pv − ωp
i
(ω + β)p
u+pt+ps(ω U2 + (ω + β)U3)
pj+pv)Up
u+pt
4 U
ps
5
+ Up
i
1 · U
pj+pv
2 · ((U3 + U4)
pu+pt − ωp
i+pj+pv(ω + β)p
s
(ωU3 + (ω + β)U4)
pu+pt)Up
s
5
− Up
i
1 · U
pj+pv
2 · U
pu+pt
3 · ((U4 + U5)
ps − ωp
i+pj+pv+pu+pt (ω U4 + (ω + β)U5)
ps).
(5.9)
Note that (x+ y)p
j+pu = (xp
j
+ yp
j
)(xp
u
+ yp
u
). Hence, from (5.9) we have
δ(Up
i
1 U
pj+pv
2 U
pu+pt
3 U
ps
4 )
= (1− ωp
i
(ω + β)p
j+pv+pu+pt+ps)Up
i
1 U
pj+pv
3 U
pu+pt
4 U
ps
5
+ (1− (ω + β)p
i+pj+pv+pu+pt+ps)Up
i
2 U
pj+pv
3 U
pu+pt
4 U
ps
5
− (1− ωp
i+pj+pv(ω + β)p
u+pt+ps)Up
i
1 U
pj+pv
2 U
pu+pt
4 U
ps
5
− (1− ωp
i
(ω + β)p
j+pv+pu+pt+ps)Up
i
1 U
pj+pv
3 U
pu+pt
4 U
ps
5
− (1− ωp
i+pj(ω + β)p
v+pu+pt+ps)Up
i
1 U
pj
2 U
pv
3 U
pu+pt
4 U
ps
5
− (1− ωp
i+pv(ω + β)p
j+pu+pt+ps)Up
i
1 U
pv
2 U
pj
3 U
pu+pt
4 U
ps
5
+ (1− ωp
i+pj+pv+pu+pt(ω + β)p
s
)Up
i
1 U
pj+pv
2 U
pu+pt
3 U
ps
5
+ (1− ωp
i+pj+pv(ω + β)p
u+pt+ps)Up
i
1 U
pj+pv
2 U
pu+pt
4 U
ps
5
+ (1− ωp
i+pj+pv+pu(ω + β)p
s+pt)Up
i
1 U
pj+pv
2 U
pu
3 U
pt
4 U
ps
5
+ (1− ωp
i+pj+pv+pt(ω + β)p
s+pu)Up
i
1 U
pj+pv
2 U
pt
3 U
pu
4 U
ps
5
− (1− ωp
i+pj+pv+pu+pt+ps)Up
i
1 U
pj+pv
2 U
pu+pt
3 U
ps
4
− (1− ωp
i+pj+pv+pu+pt(ω + β)p
s
)Up
i
1 U
pj+pv
2 U
pu+pt
3 U
ps
5 .
(5.10)
Sinceωp
i+pj+pv+pu+pt+ps = 1, (ω+β)p
i+pj+pv+pu+pt+ps = 1, ωp
i+pj = ωp
i+pv = ωp
v+pu =
ωp
v+pt = 1, and (ω + β)p
s+pt = (ω + β)p
s+pu = (ω + β)p
v+pu = (ω + β)p
j+pu = 1, the
right hand side of (5.10) is 0. This completes the proof.

Let q = pm, where m is a positive integer.
A =
{
Up
v
1 U
pu
2 U
pt
3 U
ps
4 | ω
pv+pu+pt+ps = 1, (ω + β)p
v+pu+pt+ps = 1, 0 ≤ v < u < t < s <
m
}
,
B =
{(
χ(U1, U2)
pu − (ω + β)p
t+psχ(ω U1, (ω + β)U2)
pu
)
Up
t
3 U
ps
4 | ω
pu+1+pt+ps = 1, (ω +
β)p
u+1+pt+ps = 1, 0 ≤ u < t < s < m
}
,
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C =
{
Up
v
1
(
χ(U2, U3)
pt − ωp
v
(ω + β)p
s
χ(ωU2, (ω + β)U3)
pt
)
Up
s
4 | ω
pv+pt+1+ps = 1, (ω +
β)p
v+pt+1+ps = 1, 0 ≤ v ≤ t < s < m
}
,
D =
{
Up
v
1 U
pu
2
(
χ(U3, U4)
ps − ωp
v+pu χ(ω U3, (ω + β)U4)
ps
)
| ωp
v+pu+ps+1 = 1, (ω +
β)p
v+pu+ps+1 = 1, 0 ≤ v < u ≤ s < m
}
, and
E = Γ(pv, pu, pt, 0) =
{
Up
v
1 U
pu
2 U
pt
3 | ω
pv+pu+pt = 1, (ω + β)p
v+pu+pt = 1, 0 ≤ v < u <
t < m
}
.
Then we have the following theorem.
Theorem 5.9. Fix ω, β ∈ Fq with ω 6= 0,±1. Let X be the corresponding Alexander
f -quandle on Fq where H
2
Q((X, ∗, f);Fq)
∼= 0. Then the set A∪B ∪C ∪D∪E provides
a basis of the fourth cohomology H4Q((X, ∗, f);Fq).
Example 5.10. Let f(x) = x4 + x + 1 ∈ F2[x] and consider F16 = F2[x]/(f). Let
ω be a primitive element of F16. Then the order of ω is 15. Let β = ω
22. Note that
ω2
2
= ω+1 and ω2
2
is also a primitive element of F16 since it is a conjugate of ω with
respect to F2. We have
ω2
0+21+22+23 = 1 and (ω + β)2
0+21+22+23 = 1,
but ω2
i+2j+2k 6= 1 for i, j, k ∈ {0, 1, 2, 3}. Hence H4Q((X, ∗, f);F16) is generated by A.
Acknowledgements: The authors would like to thank Takefumi Nosaka and Masahico
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tation of the paper.
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